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Abstract
We give sufficient conditions for the c-numerical range of a tridiagonal matrix to be an
elliptic disc, which generalize known results on the classical numerical range. © 2001 Elsevier
Science Inc. All rights reserved.
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1. Introduction
Let A be an n-by-n complex matrix. For an n-tuple c = (c1, c2, . . . , cn) ∈ Rn, the
c-numerical range of A is defined and denoted by
Wc(A) =


n∑
j=1
cj x
∗
j Axj : {x1, x2, . . . , xn} is an orthonormal basis of Cn

 .
Westwick [9] showed that Wc(A) is a convex set. If c = [1, 0, . . . , 0], Wc(A) reduces
to the classical numerical range of A which is usually denoted by W(A). Since
∗ Corresponding author. Tel.: +2-886-2-881-9471; fax: +2-886-2-881-1526.
E-mail addresses: mtchien@math.scu.edu.tw (M.-T. Chien), nakahr@cc.hirosaki-u.ac.jp (H. Na-
kazato).
1 The work was supported by the Sci-tech Visiting Research of National Science Council of the
Republic of China.
0024-3795/01/$ - see front matter  2001 Elsevier Science Inc. All rights reserved.
PII: S 0 0 2 4 - 3 7 9 5 ( 0 0 ) 0 0 2 4 0 - 8
56 M.-T. Chien, H. Nakazato / Linear Algebra and its Applications 335 (2001) 55–61
Wc(A) remains unchanged when the coordinates of c are reordered, we may assume
in this paper that the coordinates of c are descending.
A matrix A = (aij ) is tridiagonal if aij = 0 whenever |i − j | > 1. There have
been interesting papers on geometric properties of the numerical range of tridiag-
onal matrices [2,3,5–8]. For complex numbers µ and τ , a tridiagonal matrix A =
tridiag(µ, 0, τ ) ∈ Mn is a matrix with τ ’s on the first subdiagonal, µ’s on the neg-
ative first subdiagonal and 0’s elsewhere. Marcus and Shure [8] showed that the
numerical range of tridiag(0, 0, 1) ∈ Mn is a circular disc centered at the origin of
radius cos(π/(n+ 1)). Eiermann [7, Corollary 4] proved that W(tridiag(µ, 0, τ )) is
the elliptic disc
{µz+ τ z¯ : z ∈ C, |z|  cos(π/(n+ 1))}.
A generalization of Eiermann’s result by Chien [3] shows that Wc(tridiag(µ, 0, τ ))
is an elliptic disc. In the papers [2,5], sufficient conditions are given for a tridiagonal
matrix A = (aij ) with 0 main diagonal to have elliptic numerical range. In particular,
W(A) is a circular disc if A = (aij ) is a tridiagonal matrix with 0 main diagonal
and aj,j+1aj+1,j = 0 for all j [2]. In [6], it is shown that if there exist complex
numbers a and b with |ai,i+1| + |ai+1,i | = |a| + |b| and ai,i+1ai+1,i = ab for i =
1, 2, . . . , n− 1, then W(A) is an elliptic disc centered at the origin. Furthermore,
for a real tridiagonal matrix A = [ai,j ] with 0 main diagonal, if ai,i+1ai+1,i > 0
and there exists γ ∈ R with (ai,i+1 + ai+1,i )2/(4ai,i+1ai+1,i ) = γ for i = 1, 2, . . . ,
n− 1, then W(A) is an elliptical disc with center at the origin.
In this paper, we generalize the results of [2,6] on classical numerical ranges of
tridiagonal matrices to the c-numerical range.
2. Results
First, we use the method of boundary generating curve treated in [4], and obtain
the following result.
Theorem 1. Let A = (ai,j ), B = (bi,j ) ∈ Mn(C) be two tridiagonal matrices with
0 main diagonal, and c ∈ Rn. If
|aj,j+1| + |aj+1,j | = |bj,j+1| + |bj+1,j |,
aj,j+1 aj+1,j = bj,j+1 bj+1,j
for j = 1, 2, . . . , n− 1, then Wc(A) = Wc(B).
Proof. For 0  θ < 2π , let Hθ(A) = (eiθA+ e−iθA∗)/2. Consider the character-
istic polynomial
Pn,θ (t) = det(tI −Hθ)
of Hθ(A). Then Pn,θ (t) satisfies the recurrence [2, p. 209]
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Pn,θ (t) = tPn−1,θ (t)− 14 |a1,2eiθ + a¯2,1e−iθ |2Pn−2,θ (t), (1)
where
Pn−1,θ (t) = det((tI −Hθ(A))({1}′))
and
Pn−2,θ (t) = det((tI −Hθ(A))({1, 2}′)),
andA(J ′) denotes the principal submatrix ofA formed by deleting rows and columns
indicated by a subset J ⊂ {1, 2, 3, . . . , n}. The coefficients of Pn,θ (t) are functions
of the terms
|aj,j+1eiθ + a¯j+1,j e−iθ |2=(|aj,j+1| + |aj+1,j |)2 − 2|aj,j+1aj+1,j |
+aj,j+1aj+1,j e2iθ + a¯j,j+1a¯j+1,je−2iθ .
Under the hypothesis, we obtain that
det(tIn −Hθ(A)) = det(tIn −Hθ(B))
for all t, θ ∈ R. This equation is equivalent to
det(tIn − cos θ(A+ A∗)/2 + sin θ(A− A∗)/(2i))
= det(tIn − cos θ(B + B∗)/2 + sin θ(B − B∗)/(2i)). (2)
Corresponding to (2), we define two homogeneous polynomials associated respect-
ively with A and B:
hA(t, x, y) = det(tIn + x (A+ A∗)/2 + y (A− A∗)/(2i))
and
hB(t, x, y) = det(tIn + x (B − B∗)/2 + y (B − B∗)/(2i)),
t, x, y ∈ R. Then by (2), hA(t, x, y) = hB(t, x, y). For simplicity, we assume that
the coordinates of c have distinct entries
c1 > c2 > · · · > ck
with multiplicities m1, m2, . . . , mk , respectively. Denote byP(m1, m2, . . . , mk) the
collection of (M1, . . . ,Mk) such that M1, . . . ,Mk form a partition of {1, 2, . . . , n}
so that Mj has mj elements. For each (x, y) ∈ R2, we denote the n real roots of
hA(t, x, y) = 0
by
λ1(x, y)  λ2(x, y)  · · ·  λn(x, y),
and similarly,
µ1(x, y)  µ2(x, y)  · · ·  µn(x, y)
for the n real roots of hB(t, x, y) = 0. Next we define the homogeneous polynomials:
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HA(t, x, y) =
∏
(M1,...,Mk)∈P(m1,...,mk)

t −
k∑
j=1
cj
∑
s∈Mj
λs(x, y)

 ,
and
HB(t, x, y) =
∏
(M1,...,Mk)∈P(m1,...,mk)

t −
k∑
j=1
cj
∑
s∈Mj
µs(x, y)

 .
Then
HA(t, x, y) = HB(t, x, y).
Consider the algebraic curve
A = {[(t, x, y)] ∈ CP2 : HA(t, x, y) = 0}
associated with HA(t, x, y), and its dual curve
∧A = {[(T ,X, Y )] ∈ CP2 : T t +X x + Y y = 0 is a tangent line ofA}.
Define B and ∧B , in the same way, the algebraic curve associated with HB(t, x, y)
and its dual curve. Then A = B . Now by [4, Theorem 2.1], Wc(A) and Wc(B) are
respectively the convex hull of
{X + i Y : (X, Y ) ∈ R2, t +X x + Y y = 0 is a tangent line ofA}
and
{X + i Y : (X, Y ) ∈ R2, t +X x + Y y = 0 is a tangent line ofB},
and thus Wc(A) = Wc(B). 
The following result is an immediate consequence of Theorem 1.
Theorem 2. LetTn be the subspace of all n× n complex tridiagonal matrices with
0 main diagonal. LetG be the product of (n− 1) copies ofS2 = Z/2Z = {0, 1}. The
action T of G on T is given by
Ti1,...,in−1




0 a0 0 0 · · ·
a1 0 b0 0 · · ·
0 b1 0 c0 · · ·
0 0 c1 0 · · ·
· · · · · · · · · · · · · · ·




=


0 a0+i1 0 0 · · ·
a1+i1 0 b0+i2 0 · · ·
0 b1+i2 0 c0+i3 · · ·
0 0 c1+i3 0 · · ·

 ,
where a2 = a0, b2 = b0, c2 = c0, . . . and i1, i2, . . . , in−1 are 0 or 1. ThenWc(Tg(A))
= Wc(A) for all A ∈T, c ∈ Rn, and g ∈ G.
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As a consequence of Theorem 2, we have the following corollary which general-
izes a result in [2].
Corollary 3. Let A = (aij ) ∈ Mn(C) be a tridiagonal matrix with 0 main diagonal,
and c ∈ Rn. If aj,j+1aj+1,j = 0 for all j, then Wc(A) is a circular disc centered at
the origin.
Proof. Take an action g so that Tg(A) is a tridiagonal matrix with 0 main diagonal,
and the entries of its negative first subdiagonal are all 0. Then the undirected graph
of Tg(A) is a subgraph of a tree, and thus by [1, Theorem 4], Wc(Tg(A)) is a circular
disc. 
In the following, we give conditions for the c-numerical range of a tridiagonal
matrix to be an elliptic disc which generalize some known results on the classical
numerical range.
Theorem 4. Let A = (aij ) ∈ Mn(C) be a tridiagonal matrix with 0 main diagonal,
and c ∈ Rn. If A satisfies one of the following conditions, then Wc(A) is an elliptic
disc centered at the origin.
(i) There exist complex constants a and b such that |aj,j+1| + |aj+1,j | = |a| +
|b| and aj,j+1aj+1,j = ab for j = 1, 2, . . . , n− 1.
(ii) There exist complex constants a and b such that aj−1,j = aj+1,j = a for odd
indices j, and aj−1,j = aj+1,j = b for even indices.
(iii) A is real, aj,j+1aj+1,j > 0 and there exists γ ∈ R such that
(aj,j+1 + aj+1,j )2/(4aj,j+1aj+1,j ) = γ for j = 1, 2, . . . , n− 1.
(iv) A is real, aj,j+1aj+1,j < 0 and there exists γ ∈ R such that
(aj,j+1 + aj+1,j )2/(−4aj,j+1aj+1,j ) = γ for j = 1, 2, . . . , n− 1.
Proof. Suppose condition (i) holds. Then the characteristic polynominal (1) of
Hθ(A) becomes
Pn,θ (t) = tPn−1,θ (t)− 14 ((|a| + |b|)2 − 2|ab| + abe2iθ + abe−2iθ )Pn−2,θ (t).
Let B = [bi,j ] ∈ Mn(C) be a tridiagonal matrix such that bj,j+1 = a and bj+1,j =
b for all j , and 0 elsewhere. By Theorem 1, Wc(A) = Wc(B), and the conclusion
follows from [3, Theorem 1] that Wc(B) is an elliptic disc centered at the origin.
Condition (ii) implies condition (i).
For (iii), assume αj = max{|aj,j+1|, |aj+1,j |}, and βj = min{|aj,j+1|, |aj+1,j |}.
Then the condition
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[aj,j+1 + aj+1,j ]2
4
= γ aj,j+1aj+1,j
is equivalent to
βj
αj
= (γ )
1/2 − (γ − 1)1/2
(γ )1/2 + (γ − 1)1/2 = 2γ − 1 − 2
√
γ (γ − 1) ≡ . (3)
If γ = 1, then aj,j+1 = aj+1,j . If γ > 1, by (3), we have
βj =
[
2γ − 1 − 2√γ (γ − 1)
]
αj ,
j = 1, 2, . . . , n− 1. By using the action of the group G = [Z/2Z]n−1, we may as-
sume that |aj,j+1| > |aj+1,j | for each j . Under this assumption we have aj+1,j =
aj,j+1 for each j . Define
B =


0 a1,2 0 0 · · ·
0 0 a2,3 0 · · ·
0 0 0 a3,4 · · ·
· · · · · · · · · · · · · · ·

 . (4)
Then B is a real nilpotent matrix. The undirected graph corresponding to B is a tree,
Wc(B) is a circular disc centered at the origin (cf. [1]). Furthermore,
A = B + B∗ = (+ 1) (B + B∗)/2 + (1 − )i (B − B∗)/(2i).
Hence Wc(A) is an elliptic disc centered at the origin, with horizontal major axis.
The eccentricity e of the ellipse Wc(A) is given by
e2 = 1
γ
= (+ 1)
2 − (1 − )2
(+ 1)2 .
Suppose condition (iv) holds. By a similar argument as (iii), we define αj =
max{|aj,j+1|, |aj+1,j |}, and βj = min{|aj,j+1|, |aj+1,j |}. Then the condition
[aj,j+1 + aj+1,j ]2
4
= γ (−aj,j+1aj+1,j )
is equivalent to
βj
αj
= (γ + 1)
1/2 − (γ )1/2
(γ + 1)1/2 + (γ )1/2 = 2γ + 1 − 2
√
γ (γ + 1) ≡ .
If γ = 0, then aj+1,j = −aj,j+1, j = 1, 2, . . . , n− 1, and hence A is skew sym-
metric. If γ > 0, by the action of the group G = [Z/2Z]n−1, we may assume that
|aj,j+1| > |aj+1,j | for each j . Under this assumption we have
aj+1,j = −aj,j+1,
j = 1, 2, . . . , n− 1. Define the nilpotent matrix B as (4). Then
A = B − B∗ = (1 − )(B + B∗)/2 + i (1 + )(B − B∗)/(2i),
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and Wc(A) is an elliptic disc centered at the origin, with vertical major axis. The
eccentricity e of the ellipse Wc(A) is given by
e2 = 1
γ + 1 =
(1 + )2 − (1 − )2
(1 + )2 . 
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